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Wealth condensation in pareto macroeconomies
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We discuss a Pareto macroeconofayin a closed system with fixed total wealth affl in an open system
with average mean wealth, and compare our results to a similar analysis in a super-open(systém
unbounded wealthJ.-P. Bouchaud and M. f#ard, Physica 2282, 536 (2000]. Wealth condensation takes
place in the social phase for closed and open economies, while it occurs in the liberal phase for super-open
economies. In the first two cases, the condensation is related to a mechanism known from the balls-in-boxes
model, while in the last case, to the nonintegrable tails of the Pareto distribution. For a closed macroeconomy
in the social phase, we point to the emergence of a “corruption” phenomenon: a sizeable fraction of the total
wealth is always amassed by a single individual.
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Power-law distributions permeate a number of phenoman upper bound on the individual wealth For example, it is
ena in statistical physics and critical phenomena. They are aclear that there will be no rich individuals in an uniformly
important manifestation of scale invariance as observed ipoor society, even if the economy is liberat<€1). Con-
fractals, self-organized criticality, and percolating structuresversely, one may ask about what happens in a rich society
Generically, they are the consequence of the central limitith a restrictive social economyx>1). As we will show, a
theorem for scale-free processes where a randovy malk ~ Pareto macroeconomy becomes unstable in this case and fa-
replaces Brownian motiof2]. vors a “corrupt” scenario where one individual amasses al-

Power-law distributions have also been suggested to danost all the available wealth.
scribe social and economic statistics. While the bulk of the To better understand the role of the macroeconomic pa-
income distribution in most societies follows a log-normal rameteW/N, we now define the three advertised ensembles:
distribution, about a century ago, Pareto suggested that the) a closed economy with a total-weall fixed; (b) an
wealthy are outliers. The distribution of large wealths follow open economy in equilibrium with external economies where
a power law W adjusts to the equilibrium mean(c) a super-open

economy wheré&V can grow unrestricted. From the point of
for w>wy, (1)  view of rich individuals, the essential parameters of the re-

spective ensembles are the numbepf individuals in the
with « typically between 1—2. This distribution is referred to society that is kept fixed in all cases af@l the Pareto index
as Pareto’s distributio[8,4]. Powerlike tails also govern the « and the average individual wealth=\W/N beyond a criti-
distribution of income and size of firms, and the behavior ofcal valuew, (see beloy; (b) the Pareto indexx and a sta-
financial time series over intermediate time horizfmls The  bility parameteru (see below; (c) the Pareto indexx only.
scale-free character of this distribution implies that the The authors of1] recently proposed a simple theoretical
chance of an already rich individualve>wy) to further in-  model of a dynamical process of wealth flows, which in
crease his wealth by an additional factoiis p(Aw)/p(w)  equilibrium, becomes a Pareto macroeconomy for the en-
~1/\1** independent of his current wealth and the wealthsemble(c). In brief, the model is given by a set of stochastic
of the less fortunate. For the rich part of the ensemble, whagquations that describe the flow of wealth in an ensemble of
matters is only the index and, as we will argue, the total N individuals. Specifically, the time evolution of each indi-
wealth of the society. vidual's wealthw;(t), i=1,... N, is assumed to be de-

A social engineer may attempt to use the valuenofo  scribed by a linear differential equation
control the likelihood of large wealths in general, for in- dwi (1) N N
stance, by increasing the global character of trade through wi(l)
interest rates or decreasing it through taxation. The laager dt 77i(t)wi(t)+j(§#:i) ‘J”Wi(t)_j(;) Jiwi(t). ()
the stronger the suppression of large wealths. One may dis-
tinguish between two separate regimes, the liberal economiddere, trading between individuals is encoded in the buy/sell
with @<1 and the social ones wita>1. As we will see, the  flow channels];; that describe an internal macroeconomical
possibilities for a condensation of wealth to occur are verynetwork. In addition, each individual is subjected to an eco-
different in both. nomical background that is given by a multiplicative random

The total wealthW of an economy, or alternatively, the source #;(t), representing the spontaneous increase or de-
average wealth per individuslV/N, can become important as crease of wealth related to investments, gains, and losses on

p(w)~w— 1"
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the market, etc. By construction, the equations are invariant
under change in monetary umit—\w; . Z(W,N)= E H p(w;)d
In general, bothz;(t) and J;; can be very complicated {wi=0} i

functions. Following(1], here we will discuss 'onIy the sim- This model is known as the balls-in-boxes or backgammon
plest case, Wher«_a Wwe assume that ﬁﬂ.ﬁ) are J_ust_uncorre- model[7] where it has been applied to various condensation
lated random variables with a Gaussian distribution, and thaénd glassy phenomena. It may be solved in the limit of an
all interactions between individuals are the sadg==J/N infinite number of boxed&l and fixed density of balls per box

for all i#j (mean field. As a result, the corresponding equi- ~_ o . . .
librium probability distribution has the following large- fepygégn(trtie(:nmg?){;]:nd“eﬁi Ifllrjr;])::l;)(/)r:ntrodumng the integral

N
wW-> wi). (5)

asymptotics:
1 (= :
= ) —iN(wqt - +wy—pN)
p(w)~w 1, @ ZNp= 2 1l ewis dee S
T N
wherea=1+J/0>>1 ando? is the variance of the Gauss- _ 1 de™N S pw)e v
Ae p(w)e
ian distribution of(t). The normalization factor, which we 2m) & w

left out of Eq.(3) for simplicity, depends orw only. For 1 (n

Iarge_values ofw, _this solution_ giv_es a power Iaw_witbz - _f d\ exd N(ixp+K(iN)], (6)
>1, i.e., we are in the generic situation of a social Pareto 2m ) &

macroeconomy. However, by modifying the mean-field . . ) )
assumptions—considering, for example, a nontrivial networkvhere K is a generating function given byK(o)

of connections);;—one could also obtain a solution for a =INZy-;p(w)e” . Evaluating the integral using steepest

liberal economya<1 [1]. descent gives
If one calculates the average of the distributi8h which f(o)— K 7
corresponds to the average wealth of the individual, one sees (p)=0.(p)p+Kla(p)], )

that the basic difference between a social and a liber . . . .
economy is that it is finite in the former case and infinite inq}f}f,r(e;’s (:pé Izn?j fs (Opll)mi(;n aoirgée_eiae?g)l/efgrlgt; qpueartlﬁggx
* ]

the latter. Thus, fore<1 one would, due to the noninte- (W,N)y=eN)+ - For a suitable choice of the weights

. S 4
grable tail of the distribution, expect the ae/pearance of a nct‘b(W)NlMHQ the system displays a two-phase structure as
individual in the ensemble, with a wealtt~'“ times larger the density is varied with a critical densify.,. When p

than the typical value. The authors [f] interpreted this approaches,, from below, o, approaches:,, from above.

result as a condensation phenomenon. When p is larger thanp.,,o0 becomes equal to the critical

In reality, this is not the case and the total wealth of thevalue p and%he freepecrrlér is linear >q
societyWi s, in general, fixed, thereby upsetting overall scale Ter 9y m
invariance and giving us a closed system of type How f(p)=0orp+ Kers ®)

would the condensation phenomenon change in this case?

One way to address this issue is to solve the equations of thghere x., =K(o,). The change of regimes g, corre-
type (2) on the hypersurfac&/=w, + ...+ wy. This prob-  gponds to a condensation transition, in which an extensive
lem is reminiscent of Kac's master equatidj on the sphere  fraction of the balls is in a single box. The critical valug,

(fixed energy for which a factorizable and stationary solu- js equal to the logarithm of the radius of convergence of the

sumptions. _ J)urely powerlike weights
Here, we follow a more phenomenological treatment an
assume thap(w)~1w**® characterizes the single wealth 1 .
distributions in the ensembl@) with the individual wealths p(w)= ara)V o ow=12,..., 9

adding to W=w;+ ...+wy. In this way, we have an
asymptotic Pareto macroeconomy with a factorizaltleis- -, =0. The normalization factor is given by the Riemann
tribution of wealths constrained on the hypersurface of fixedzeta function. At the end of this section, we will comment on

wealthW. For convenience, we assume that each individuathe case when the radius of convergence of the s&rfe9
wealthw; is an integer given in units of the smallest avail- differs from one.

able currency unit. The probability of a certain distribution of  The transition to a condensed phase happens WHikh
wi's is becomes larger than a critical density , which is nothing
but the mean wealth

1 N
P )= 7y ] p(Wi)‘S(W‘i-El Wi)' W= wp(w). 10
) !

Since we can change the smallpart of the distribution by
whereZ(W,N) is the appropriate normalization factor, tuning the appropriate macroeconomical parameters without
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anomaly. It can appear only in a social econonay>(1),
because only in this case do we have a finite critical wealth
2| | per individualw, .

In a liberal economyw, is obviously infinite, meaning
that the system remains always below threshold and there is

3 10" ¢ 1 never any condensation. Note that these results for the closed
= model(a) do not contradict the results of the previous section
0 | | for the super-open moddk) since we now have a well-

defined average wealtV/N that prevents the appearance of
individuals with a wealthnv~NY* growing faster than lin-

10° | 1 early.
The behavior we have discussed here for closed systems
107° ‘ ‘ ‘ is not restricted to power-law weighis(w). The saddle-
1 10 100 1000

point equation for the generating functign+K'(o,)=0,

can have similar properties for other functional forms of the
FIG. 1. The three curves, from left to right, correspond to theweights. For instance, one may easily check that a change of

effective probability of a closed Pareto economy with the diStribU‘Weights p(W)—>e*;Wp(W) merely leads to a change,,

tion p(w)=1M* with N=128, 512, and 2048 individuals, respec- —

tively, for the densityp=2, which lies above the critical one. The

plot is done in the log-log scale. The position of the peak corre

sponds to the wealth of a single individual. As one can see from th@(w)~e” ""/w

w

— o+ o, leaving the phase structure of the model intact. In
particular, if the weights9) had an exponential prefactor

1+a we would haveo,,= o, but the critical

figure, it grows linearly with the system size. density
affecting the largewv behavior ofp(w), we have some con- _ {(a) 15
trol over where the threshobd, will lie. We can define an Per {(a+1)

effectiveprobability distribution of wealth o
N would be independent af. Clearly, the critical properties of
- 1 the model are encoded in the subexponential behavior of the
p(w)= N< Z S(w; _W)> ’ (1) \weightsp(w) for largew. Solving the saddle-point equation,
P one may check that for weights with powerlike subexponen-

which now, unlike the originap(w), takes into account the tial behavior, the most-singular part of the free-enef(y)
finite total wealthW. Below thresholdw, , the system isina has & branch-point singularity whep=p¢—p—0

phase in which the effective probability distributiqr(w) Ap@ D for  1<q<2
has an additional scale factor in comparison with the old f(p)= w ’ (16
distribution p(w) Ap for a=2.

B e o) @ For teger values. e poverie singuirty changes (0 2
Here, o depends only on the differena®/N—w, . It van- One may consider other functional subexponential forms
ishes at threshold, so that the old Pareto tails are restored @t the weightsp(w). A criterion for the presence of the phase
this point. Above threshold, the macroeconomy responds tgfansition is that the derivative of the generating function is
the increasing average wealth by creating a single individuginite, —K'(o¢;)<e, at the radius of convergence,,.

with a wealth proportiona| to the total wealtv, name|y, Physically, this means that the critical density is finite. For
Winax= W—Nw, , example, stretched exponential weights

S
. 1 p(w)~e A", (17)
P(W)~ P(W) + 55 S -, - (13)
with 0<§<1 and 8>0 have this property. As before, we
The behavior op(w) versusw is shown in Fig. 1, for index Nave & saddle-point phase for small densN, with an
a=3, N=128, 512, 2048, and a densit}/N>w, . At exponential suppression of large wealths, and a condensed
’ ’ ) 1 * "

threshold, the inverse participation ratio phascle.for Iarge densitW/N,. with a surplus anomaly. AF thg
transition point, however, instead of the Pareto distribution

1 1 . we have Eq(17). The second derivative of the free energy is
Y2=—2< 2 w|2> =N > w2p(w) (14)  discontinuous at the transition. If the transition is approached
N“Y P w from the condensed phas&p=p.,,—p—0~, f"(p)=0,

while from the saddle point on&p—0"
changes, in the largl limit, from 0 to (W/N—w, )?, sig- P P

naling the appearance of a wealth condensation. Basically,
everything in excess of the critical wealdw, ends up in f"(p)=0o,(p)=——
the portfolio of a single individual. We call this the surplus K"(o¢r)

(18)
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For the weights(17) as well as the powerlike weights for =~ Ther=0 phase is one where condensation takes places
a>2, the derivativeK”(o,) is finite. Thus, in both cases, not only within the considered economy, but in the whole
the second derivative of the free energy is discontinuous. Isystem including the outside world. To better illustrate this
contrast, for Ka<2, K"(o.)=« andf”(p)=0 on both situation, consider two mean-field Pareto economies, each
sides of the transition. In this case, the singularity yieldingwith the same distributiop(w) but possibly different total
the discontinuity of derivatives of the free energy is given bywealthsW,; andW,. If we bring them into contact with each
Eq. (16). The transition becomes arbitrarily soft when other, they will form a larger mean-field economy with a
—1. constrained total wealtiV=W,+W,. For =0, condensa-

Finally, let us discuss an economy in contact with one ottion can take place with equal probability in either one of
more external onglensemblgb)]. The total wealthVis not  them, so if we look at only one of the systems, we might
fixed in this case, but may adjust dynamically to an equilib-observe condensation or we might not. In other words, there
rium value given by a stability parametgr (inverse tem- are large fluctuations. But ift#0, then one of the sub-
peraturg. The partition function for this ensemble is given systems will favor condensation, and wealth will tend to flow
by [8] towards it. The other system then has to adjust to the fact that
wealth disappears from it. This leads exactly to the two
phases discussed above.

We have shown that in a social economy, condensation
may occur if the total wealth of the society exceeds a certain
The total wealth in our economy now depends on the valugritical value. In our analysis, the system favors the occur-
of u. The model has a phase transitionwat 0. For u>0,  rence of a single individual in possession of a finite fraction
the average wealth per individudl/N fluctuates according  of the economy'’s total available wealth, providing a physical
to a Gaussian distribution with a certain average valuemechanism for “corruption.” The analysis we have provided
w, («) and a width that is inversely proportional to the may be improved by considering E() in general, using a
square root of the system sizeJN. At the critical pointu random network for the flow channels restricted to a hyper-
=0, the situation becomes unstable as the economy starts sorface of fixed wealth. In this way, we could learn more
attract the attention of the outside world awflacquires a about the statistical aspects underlying the process of fortune
tendency to grow. In an idealized situation where the outsidereation and propagation. Clearly, these issues are also rel-
world has limitless wealthWt/N would actually become in- evant to a number of physical phenomena ranging from con-
finite as soon au<0. In practice, of course, it remains densation in glassy systems to symplicial gravity.
bounded by an upper limit.

The order parameter for this transitionris N/W, which
in the idealized case is zero far<0 and positive otherwise. ACKNOWLEDGMENTS
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